In terms of the coefficients OC, jS, γ of a defining equation of a cubic field F over the rational number field Q 9 Albert [l] has given an explicit formula for a minimal basis, that is, a basis of the integers of Q{θ) over the rational integers. We solve this same problem with a shorter proof and a simpler result. This basis is then used to find the maximal inessential discriminant divisor, that is, the square root of the quotient of the g.c.
d. of the discriminants of all integers of Q(θ) by the discriminant of Q(θ). It is known
[3] that the only prime dividing it is 2; we determine the power as 2° or 2 ι .
We first secure a normalized generating quantity, LEMMA 
with B 9 D 9 Dι rational integers satisfying Therefore the problem is equivalent to determining the largest Di for which there is a solution B satisfying (4), (5), (6), when D = 1. It is sufficient to find solutions of these congruences with Dγ replaced by prime powers p Γ and then Dγ will be their product. A value of B can be found from solutions modulo p Γ by using the Chinese remainder theorem.
Thus we wish to determine the maximal value e of r for which there exists a solution B of the simultaneous congruences to see that (7), (8), (9) Iliii. p = 3, p I α, p^6. Notice that then s = 1 by (9) and (iii) of Lemma 1.
IΙiii(l). 3 2 |α. Then e = 0 unless b = ±1 ( 3 2 ) in which case e = 1. Now 626 LEONARD TORNHEIM e < s = 1. Furthermore, the fact that e = 1 if and only if 6 = ± 1 (3 ) is a consequence of (8) since only then does Z> 3 +6=0(3 2 ) have a solution for (3,6) = 1, the solution being given byβ==-6(3); (7) and (9) always hold with r = 1.
Iliii (2) . 3 11 α. Then e = 0, unless b + a = ± 1 (3 ), in which case e = 1.
That e < 1 is a consequence of (9) and (iii) of Lemma 1. If r -1, then (7) and (9) Hence e = w + 1 if and only if (10) is satisfied; that is, H + a =0(4). Notice from the definition of w that u = 2 + 2w; hence s -w + 1.
Iliv (3). t = 2v(v > 1)
. From (9), u = 2v 4-2; hence e < s = v + 1. Now β Ξ0 (2^) yields a solution of the congruences with r -v; hence e >_ v We determine when e = v + 1. Then from (7), B is even. Again from (7) Thus K is odd and a + c =0 (4).
Conversely^ if this last congruence is satisfied and B is taken as a solution
of B Ξ= 2 V (2 V + 1 ), then β is a solution of (7), (8), and (9).
These deductions are summarized in the following theorem. (4) //> I 36, (p, 2α) = 1, then e = s and B = 0 (p e ).
(5) 7/p = 3, 3 |α, 3^6, ίAerc e < 1 = s; and e = s ι/ cmc? orcZy i/έ+αΞ+l (9) ami ίAera B =-6(3).
(6) //p = 2, (2,α) = l, 2*||6 αzzJ (a) if t is odd 9 then e = s -1 and BsO (2 e Hence in lowest terms \a{j \ has a denominator divisible by no power of p greater than e -1.
We finally discuss Case 6c when α + c = 0 (4). Then β = 2 6 " 1 + C2 e , where we may assume that 2 e+2 | C, and b = 2 2^e " ι^c . Hence
If /= e -1, then by (14) this expression must be = 0 (2 2e+1 ), so that
If this is satisfied then /= e -1 because the first term of (13) has numerator divisible by 2 2e+1 , and 2 e 11 ( 3β 2 + 2αβ) and 2° 11 (3β + a) so that
